Abstract. We give nontrivial bounds in various ranges for character sums of the form
Introduction
Let χ be a nontrivial multiplicative character modulo a prime p. There is a rich history of study of character sums • R is the sequence of consecutive integers of a given finite interval, which is related to the famous Polya-Vinogradov and Burgess bounds (see [5, 7] ); • R is the sequence of consecutive shifted primes of a given finite interval studied by Vinogradov [11] and Karatsuba [6] ; • R is the sequence of consecutive values of a polynomial f with integer coefficients, which is related to the Weil bound (see [5, 7] ); however, many other sequences have been studied as well.
We remark that, usually the sparser the sequence R is, the harder the associated character sums (1) become to control, which makes such cases especially interesting.
In this paper, we study character sums (1) in the special case that R is a collection of shifted smooth numbers in [1, x] . More precisely, recall that a positive integer n is said to be y-smooth if P (n) ≤ y, where P (n) is the largest prime factor of n (with the usual convention that P (1) = 1); see [2, 4, 9] for a background on smooth numbers. Let S(x, y) denote the set of all y-smooth positive integers n ≤ x.
We consider the following character sums:
where a is an integer.
Several remarkable results about the case of a ≡ 0 (mod p) have recently been obtained by Granville and Soundararajan [3] . So here we concentrate on the case of gcd(a, p) = 1 and obtain nontrivial bounds for the sums T a (x, y) for a wide range of parameters p, x and y. The approach we use is similar to that of [1] .
Throughout the paper, the implied constants in symbols 'O' and ' ' are absolute (we recall that A B is equivalent to A = O(B) ). In what follows, the letters p and q always denote prime numbers, x and y real numbers, and n a positive integer.
All of our bounds are uniform over all integers a ∈ Z with gcd(a, p) = 1.
Preparation
We need a bound of Karatsuba [6] of character sums over shifted primes.
Lemma 1.
There is an absolute constant c > 0 such that for every ε and
We also need the following upper bound for weighted double sums, which is a variant of several well-known bounds of this type. 
Proof. By the Cauchy inequality, ⎛
The inner sums are at most 1 in absolute value if 1 ≡ 2 (mod p) and are at most p otherwise (which happens for at most Y (Y/p + 1) pairs ( 1 , 2 )). Indeed this wellknown fact is trivial if 1 2 ≡ 0 (mod p) or 1 ≡ 2 (mod p); otherwise it follows immediately from the chain of identities (where we also recall that χ(k
which finishes the proof.
We also need the Vaughan identity [10] , which helps us to relate the double sums of Lemma 2 to the sums over smooth numbers. In particular, we use the following result, which is Lemma 10.1 of [10] .
Lemma 3.
Suppose that 2 ≤ y ≤ z < n ≤ x and n ∈ S(x, y). Then there exists a unique triple (q, u, v) of integers with the properties:
Main results

Theorem 4. There exists an absolute constant
we have max
Proof. Let a be fixed. We have
For the first sum, by the Polya-Vinogradov bound, see Theorem 12.5 of [5] , and since
We now concentrate on the second sum. For each integer n included in the sum, we have a unique representation n = kq with a prime q > y and a positive integer k such that P (k) ≤ q. Hence,
Taking L k = max{y, P (k) − 1}, it follows that
Since y ≥ p 1/2+ε , we can use Lemma 1 to estimate the inner sum over q, getting
which completes the proof.
In certain ranges (for example, when y is small relative to p), a different approach based on the Vaughan identity [10] , given in Lemma 3, leads to sharper estimates.
Theorem 5. We have
Proof. Let z be a fixed real number such that 2 ≤ y ≤ z ≤ x. It follows from Lemma 3 that
where
and Q(q, y, z) = {v : z < v ≤ zq, q | v, and if r | v, then q ≤ r ≤ y} . Writing v = qw, we obtain the bound:
We can assume that
since otherwise the result is trivial. In this case q = p for all primes q ≤ y for which we need to estimate U a (q, x, y, z).
Let us fix some real number ∆ in the range
and let
We also have
we obtain
We now note that since we have assumed that ∆ > y/z we have that ∆A 1 for A ∈ M(q, z). Therefore,
Applying Lemma 2, we derive that
Consequently, U a (p, x, y, z)
where using (7) and (8) we have
x log x qp 1/2 ,
We now choose z = (x/∆) 
Therefore the inequalities (5) imply that (6) as well as the condition x ≥ z ≥ y is satisfied for the above choice of z and ∆.
We now see that
and using (4), we obtain:
Certainly the third term never dominates, which concludes the proof.
Remarks
Clearly, the bound of Theorem 5 is nontrivial if for some fixed δ > 0 we have
Thus although the ranges of applicability of Theorem 4 and Theorem 5 overlap (and usually in this case Theorem 5 gives a stronger result), there is a broad range where only one of them applies. Using these estimates, in a straightforward fashion, one can also derive a variety of results about quadratic nonresidues and primitive roots among shifted smooth numbers. The same method can also be applied to similar character sums modulo a composite number. In this case, instead of the result of Karatsuba [6] , that is, instead of Lemma 1, one can use the bound of Rakhmonov [8] . Lemma 2 can also be extended to composite moduli without any difficulty.
Finally, it would also be interesting to estimate character sums V a (x, y) = n∈R (x,y) χ(n + a), over the set R(x, y) of all y-rough integers n ≤ x, that is, over positive integers all of whose prime divisors exceed y.
